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ABSTRACT: We study theoretically the behavior of a diblock copolymer lamellar layer, in the melt, assembled 
at a substrate with a small-amplitude periodic roughness, characterized by a wavevector q. The polymer 
configurations are described using the Alexander-de Gennes model of polymer brushes. For a single lamella 
of thickness h,  at small wavevectors (qh < l), the profile of the free surface follows closely the roughness of 
the substrate. There exists a finite value of the wavevector qc (qJz = 2.6) at which the upper surface is 
completely f lat .  At larger wavevectors q > qc, the undulation of the free surface has a sign opposite to that 
of the solid surface; the two surfaces of the lamella undulate out of phase. In the limit of infinite wavevector, 
the midplane of the lamella is flat and the deformations of the two surfaces are symmetric with respect to 
reflection about the midplane. We also consider thicker f i b s  where many lamellar layers form a stack next 
to the surface. We determine the smectic elasticity of the lamellar phase for small wavevectors. We then 
discuss the penetration of the undulation induced by the substrate into the lamellar stack. At low wavevector 
the penetration depth diverges as q2, as in usual smectics; it vanishes at the wavevector qe and then increases 
with wavevector. 

1. Introduction 
Certain diblock copolymers are known to self-assemble 

spontaneously in the melt to form spatially extended two- 
dimensional lamellae.1~2 Each lamellar layer consists of 
polymers which are partially stretched in the z direction 
(say) while the layer itself is liquid and retains translational 
symmetry in the le-y plane. The self-assembly is driven 
by the immiscibility of the two chemical components of 
the polymer, denoted A and B. By forming a lamellar 
phase, the system minimizes the number of A-B contacts, 
thereby saving energy which offsets the corresponding loss 
of polymer entropy. In a system containing lamellar layers 
a ‘stack” is formed in which the layers pile up alternately, 
A-BB-AA-B etc. This phase is a macromolecular 
analogue of the smectic A phases of liquid crystals. 

In this paper we will consider the simple case of a 
symmetric A-B diblock copolymer melt and study small, 
static spatial deformations to the lamellar order, such as 
those induced by a rough solid surface. Specifically we 
consider one lamella (and subsequently a lamellar stack) 
with a small sinusoidal deformation of wavevector q = 
2 d X  imposed at one surface; the other surface is free to 
relax, as are the internal polymer configurations. Our 
study is relevant to recent experiments where the structure 
of the surface of thin copolymer films in a lamellar phase 
has been investigated by interference and atomic force 
microscopy3 as well as neutron reflectivityq and smdl- 
angle X-ray ~cattering.~ The roughness of the solid 
substrate on which the film is deposited induces a 
roughness of the interface between the copolymer film 
and the air that can be measured by grazing incidence 
X-ray scattering. We discuss here how the undulations 
of the air interface follow those of the solid surface. For 
a bulk lamellar phase, our results also provide a direct 
molecular determination of the smectic elasticity. 

Recent theoretical work has concentrated on describing 
the phase equilibria of asymmetric diblock copolymer 
systems6 by employing an electrostatic analogy. This same 
method has recently been extended7 to describe the 
deformation energy of a permanently grafted homopoly- 
mer brush. Our work generalizes this approach to co- 
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polymer layers where the grafting density is a thermo- 
dynamic variable. 

Throughout this paper, we describe the preference of 
the system to avoid A-B contacts by the introduction of 
a surface tension TAB which acts at the A-B interface. 
Hence we assume that the number of A-B contacts varies 
linearly with the area of the A-B interface. Within this 
scheme it is the balance between the surface tension and 
the elastic stretching energy of the polymers which 
determines the equilibrium flat lamellar thickness. 

We also use the simplifying approximation that each 
chain terminates at the lamellar surface, i.e., that the chain 
ends are all localized at the interface between neighboring 
lamellae; in studies of polymer brushes this is commonly 
known as the Alexander-de Gennes appro~imation.~*~ 
While it is known that the density of chain ends can be 
strongly peaked close to the surface,l0 the chain ends are 
believed to be distributed throughout the layer. However, 
the Alexander-de Gennes approximation has been shown 
to yield the correct scaling laws for the free energy of a flat 
lamella, with an error in the numerical prefactora of order 
20% or s0,8v7 and we expect our approach to yield 
qualitatively accurate results, at least in the low-q limit. 

The paper is organized as follows. The next section 
presents a calculation of the excess free energy due to the 
undulations of a single lamella. This free energy allow 
the determination of the undulation of the upper surface 
when the undulation of the lower surface is imposed. 
Section 3 is devoted to the smectic elasticity of a lamellar 
stack and to the penetration of an undulation toward the 
bulk of a lamellar phase. The experimental problem of 
a copolymer film on a rough solid surface is briefly 
discussed in section 4, where we include the polymer/ 
surface a id  polymerlair interactions. The last section gives 
a discussion of the results and presents some possible 
issues. 

2. Deformation of a Single Lamella 
Our model system consists of a melt of monodisperse 

polymer chains, each with degree of polymerization N and 
monomer volume u. The copolymer thus consists of two 
blocks of Nl2 monomers each of a different chemical nature 
(denoted A and B). These polymers are assumed to self- 
assemble to form a uniform lamellar sheet. 
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We focus first on a single, isolated lamellar sheet, with 
mean thickness h, extending to infinity in the x-y plane. 
A small sinusoidal deformation with amplitude E I  ( d h  << 
1 )  and wavevector q parallel to the x axis is imposed at  the 
lower surface; the upper surface is free to relax. The 
lamellar sheet retains translational symmetry in the y 
direction. The z coordinates of the lower and the upper 
lamellar surfaces are denoted by z1 and zu, respectively. 

z , ( x )  = €1 cos qx (la) 

z,(x) = h + tu cos q x  (1b) 
The undulation of the upper surface E,, is, as yet, unknown 
but also remains small (aJh << 1). The Alexander-de 
Gennes approximation involves the assumption that all 
chain ends lie at the lamella surfaces. Without loss of 
generality we take the A ends to lie at the lower surface 
and the B ends to lie at the upper surface. 

Following SemenovG we describe the local polymer 
stretching through the vector field of the chain tensions 
E. 

E(r) = dr/ds (2) 
where the chain expends ds monomers in stretching over 
the distance dr. The two components of the tension are 
defined by E = E,* + E,t  (E, = 0 by symmetry). 

If we now choose an oriented surface element dS, the 
incompressibility of the copolymer melt” relates the local 
chain tension E to the number of chains passing through 
dS, which we write as dQ. 

E*dS = u dQ (3) 
Thus the number of chains passing through a surface 
element increases linearly with the local polymer stretching 
at that surface element. The integration of (3) over a 
closed surface leads to 

Macromolecules, Vol. 25, No. 24, 1992 

(4) 

The number of chains dQ can be expressed as a function 
of the difference between the density of polymer A ends 
PA and polymer B ends PB. The difference p = PA - PB is 
the density of “chain sources”; the right-hand side of (4) 
can be written as uJvp dV so that 

V-E = up (5 )  
In the lamella interior where, within the Alexander-de 

Gennes approximation, there are no chain ends this 
equation reduces to 

V*E = 0 (6) 
If we now know the tension of the chains, i.e., the field 

E, we can determine the elastic free energy of the polymer 
chains in the lamellae. We assume throughout the present 
work that although the chains are strongly stretched, all 
polymers remain in the regime where the elastic restoring 
force is linear in extension. As a first approximation each 
monomer can be viewed as a simple spring with an elastic 
energy proportional to E2. The total free energy is the 
sum of the free energy of all the monomers. Since the 
monomer density is a constant in the melt (= l /u ) ,  the 
elastic free energy is proportional to the integral of E2 
throughout the lamella interior. This is the great sim- 
plification offered by the Alexander-de Gennes approx- 
imation in which one does not need to ‘keep track” of the 
particular chain contour passing through each volume 
element. We can then use the translational symmetry in 
the x direction to restrict our attention to the region (0,2?r/ 
q). The elastic free energy F, per unit area of lamellar 

reads 

(7) 

with the constant K = ~ U - ’ Z , - ~  and 1, the persistence length 
of the polymer in units of b. 

The equation satisfied by the chain tension E and the 
form of the free energy suggest an analogy between the 
stretching field and the electric field between two charged 
sheets. The conservation equations play the role of the 
Poisson equation and the density of chain sources p that 
of the charge density. As in electrostatics, the Poisson 
equation provides a relation between the normal compo- 
nent of the field at each surface of the lamella and the 
number of chain ends per unit area (the surface charge) 

E,, = uu (8) 

However, this electrostatic analogy is broken by the 
additional constraint that each polymer must use exactly 
N monomers in traveling from the lower to the upper 
surface. Each polymer contour C starts at the point (xigl- 
(xi)) and travels to the point (xf,zu(xf)) and we can write 
this constraint as an integral along the polymer contour 

U. 

Jcdl lErl = N (9) 

We can then change variables from 1, describing the contour 
length, to the height z and write the condition of 
conservation of monomers for all polymers in the system 
as 

(10) 

where x,(z)  is the x coordinate of the chain contour, which 
starts at xi, as a function of Z .  

The equilibrium configuration of the chains is obtained 
by minimization of the elastic free energy with respect to 
E subject to the constraints (6) and (10). These constraints 
are most easily imposed by introducing two Lagrange 
multiplier fields 4(r) and g(x).’ Thus we minimize the 
following functional G, where we have set x = xi: 

To proceed with the standard Euler-Lagrange minimi- 
zation we would need all the terms in (11) to involve 
integrals over the same region. We note that the second 
term on the right-hand side of (11) involves x f  and xc,  
which are not necessarily interchangeable with x = xi. 
However, we can proceed by assuming that z,,(xf) = z,,(x) 
+ O(cu2) and E,(z,,z) = E,(x,z) + O(aU2), reassuring the 
reader that these relationships will later be derived 
rigorously. If we restrict ourselves to zeroth or first order 
in E,,, we can thus ignore the difference between xf, xc, and 
x = xi. In what follows we also assume that €1 is of the 
same order of magnitude as 4,,. 

The standard Euler-Lagrange minimization procedure12 
for the free energy functional G gives the following Euler 
equations, which we again emphasize are strictly true only 
for terms of zeroth or first order in E”. 

a 
ax E , = - - @  
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2.2. Free Energy of Deformation. We now calculate 
the total free energy of a deformed lamella. It is the sum 
of the elastic contribution and of the interfacial free energy 
associated with the change in area of the A-B interface. 

The elastic free energy of the lamella is given by eq 7, 
which we now expand in powers of cu to second order. 

(13) 

Here the Lagrange multiplier +(r) roughly plays the role 
of the electrostatic potential. However, due to the 
monomer conservation constraint for each chain (lo), the 
relation between the field E and 4(r) is not the classical 
relation E = -V+(r). 

The equations for the chain tensions must be solved 
subject to the constraints (6) and (10) as well as the 
additional boundary condition that there can be no 
tangential stretching at either of the surfaces; the polymer 
ends are not grafted at the lamella surfaces and the chain 
ends are free to move along the surfaces. This final 
condition leads to the following equations at the lamella 
surfaces: 

E,(n,z,) = 0 (14) 
where Et denotes the component of E tangential to the 
surface and i = u,l labels the two lamella surfaces. In the 
limit of small deformations, we can expressEt as a function 
of the x and z components 

~ , ( x , z ~ )  = E, - eiq sin q x ~ ,  + 0(c,2) (15) 
where we assume that ciq << 1. This expansion is therefore 
only valid when the slope of the lamella surfaces remains 
small. 

We now solve the Euler equations for the chain 
conformations pertubatively in e,,. The expansions of the 
relevant physical quantities in powers of e, are written a~ 

Ex(x,z) = Ex(') + e,Ex(') + e,,%x(2) + ... (16a) 

(16b) 

+(x ,z )  = f#J(O) + euf#J(') + e , 2 p  + ... (164 

g(x) = g'0' + e#' + e,2g(2) + ... (16d) 
The number of chains per unit area can then be 

calculated from the chain tensions using eq 8; it is also 
expanded in powers of e, 

(164 
2.1. Chain Conformation in a Deformed Lamella. 

At zeroth order in tu, the lamella is flat and it is a simple 
process to show that the conformation of the chains is 
described by the following expressions which are solutions 
to eqs 6, 10, 12, 13, and 14. Similar results are already 
well-known for flat grafted polymer brushesS7 

EZ(O) = 0 (17a) 

EZ(') = h/N (17b) 

g'0' = 0 (17~)  

a E, = - -'$#I + K'E,-2g(x) 

E,(x,z) = EZ(0) + cUE,(') + e, 2 E, (2) + ... 

2 (2) u(x) = do) + e,u(') + e, u + ... 

u(O) = h/(Nu) (1%) 
We then seek solutions to (12) and (13) at first order in 

eu. At this order (12) and (13) yield thefollowingequations, 
respectively: 

(18) 

These equations are solved in Appendix A. 

The zeroth-order contribution FJ0) is the free energy of 
a flat lamella with the same average thickness h 

The first-order contribution to the free energy vanishes 
when integrated over the period of the undulation. Finally, 
we write the contribution at second order in eu as a sum 
of two terms 

F,(') = + (22) 
The first term Fel@) involves only the chain tensions at 
fiist order in e, and is defined as 

2 E , ( O )  COS qx(E,("(x,h) - ( e ~ / ~ , ) E , ( ' ) ( ~ , 0 ) ) ]  (23) 
This can be readily calculated using the results of Appendix 
A. 

- = (2(1- e,/e,)2 + 
FJO) 

The second term 
chain tension at second order and is equal to 

involves the z component of the 

Although we have not calculated the tension E to second 
order, we show in Appendix B that this contribution to 
the free energy vanishes exactly. 

To determine the contribution to the total free energy 
due to the distortion of the A-B interface we must f i t  
determine the position of this interface. We Write the z 
coordinate of the interface zm as 

(26) 
h z,(x) = - + 6 cos q x  2 

The deformation of the interface 6 is then determined by 
imposing that the A-B junction of each polymer chain lies 
at N/2 monomers along the chain. 

1 N  LEX)& E,o -- - 2 (27) 

Here also at lowest order in eU we can ignore the difference 
between the actual coordinate xc of a given chain contour 
at a height z and the position of the first monomer 2 = xi. 
To leading order in eu we find 

6 = (eu + e,) ( 1 - 2 ~ 0 t h  $) + o(e,2) (28) 

The area of the A-B interface at the location zm is 
larger than the area projected onto the x-y plane by a 
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factor 1 + a2q2/4. The interfacial free energy per unit area 
associated with the A-B contacts is then 
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to 

(29) 

where we have introduced the surface tension kBTyAB 
which acts at the A-B interface. The interfacial free energy 
FAB is expanded in powers of E Jh as 

where 

-- 
kBT "AB 

and 

(30) 

The total free energy per unit area associated with the 
deformed lamella Fbt = F e  + FAB is the sum of the two 
contributions F e  (given by (21) and (24)) and FAB (given 
by (31) and (32)). In fact, it is the free energy per unit 
volume of polymeric material Fv + FbJh that determines 
the equilibrium behavior of the lamella. However, in the 
next section we show that, to order (eJhI2, FV is directly 
proportional to Fbt. Equivalently, h can be treated as a 
constant (the flat lamella thickness, hm) for the purposes 
of calculating the free energy per unit volume to this order. 
2.3. Free Energy per Unit Volume. We first deter- 

mine the equilibrium thickness hht of a flat lamella by 
minimizing its free energy per unit volume. Using (21) 
and (31), the free energy per unit volume of a flat lamella 
FV reads 

(33) 

The equilibrium thickness is obtained by minimization 

(34) 

The free energy per unit area of a flat lamella Font can be 
calculated from (21), (31), and (34). 

(35) 

We now consider the free energy per unit volume Fv of 
a roughened lamella. The average thickness of the lamella 
is h and the free energy per unit volume is Fv(h) = 
Fbt(h)/h, where Fbt is the total free energy per unit area 
calculated above. The average thickness of the lamella h 
is close to the equilibrium thickness of the same lamella 
on a flat surface hnat, and so we write h = h d l  + e), where 
e is a small parameter. We then substitute for h in the 
free energy per unit volume and expand in powers of e. 
Using our expressions for F e n  (eq 21), F..&O) (eq 311, Fe") 
(eq 241, and FAB(~) (eq 321, we find 

Fv(h) = Fv(hflaJ + O(e2) (36) 
On symmetry grounds it can be argued13 that E can only 
contain even powers of e Jhnat; hence e must be smaller 
than or of the order of (eJhflat)2 and eq 36 leads directly 

In the following, we will thus set h = hflat throughout. 
It is convenient to rescale the free energy by the free 

energy of a flat lamella and to define the reduced free 
energy 3 as 

At second order in eJh we obtain 

U 2 
2 3 = -(tu2 + El ) - we,q 

with u and w defined as 

(37) 

(40) 
1 

2 cosh !Z!! 
w=- -@--(qh)'(l- )'I 

3h2[ - sinh qh 

The free energy 3 is symmetric both under the exchange 
E, ~t e1 and under sign reversal of e, and 61. 

In the limit of long-wavelength deformations (qh << 1) 
the free energy 3 may be expanded in powers of qh. We 
find the following asymptotic behavior: 

61e; + l18e,el + 61e; 
4320 + O(qhI6) (41) 

If we consider the undulation mode of the lamella where 
the two surfaces are oscillating in phase and with the same 
amplitude (e, = el), the dominant contribution to the free 
energy is proportional to (qhI4. This corresponds to a 
bending free energy proportional to the square of the local 
curvature of the lamella q2eu. This scaliig is consistent 
with the behavior of smectic liquid crystals, where it is 
well-kno~n'~ that there is no surface tension term pro- 
portional to (qhI2 in the free energy. The bending modulus 
kc, obtained from the free energy (41), is 

It has the same scaling behavior as the bending modulus 
of grafted polymer layers obtained in refs 15. 

In the limit of small-wavelength deformations 

(43) 

The free energy is dominated by the surface tension of the 
A-B interface. Notice that the first correction due to the 
elasticity of the chains is negative in our model. 

2.4. A Single Lamella at a Rough Surface. In this 
section we consider a single lamella with its lower surface 
in contact with a sinusoidally rough surface. Thus the 
undulation of the lower surface el is imposed. We want 
to find the equilibrium undulation of the upper surface 
e, as a function of the dimensionless wavevector qh. 

We first introduce a dimensionless parameter 01 = edel. 
The experimental quantity measured by grazing incidence 
X-ray scattering is the ratio of the intensities scattered by 
the upper surface and the lower surface and is equal to a2. 
To determine the equilibrium value amin (and therefore 
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- 0 . 5  

Figure 1. (a) Variation of the roughness ratio amin as a function 
of the dimeneionless wavevector qk the dotted line shows the 
point at which amin = -1. (b) Variation of the experimental ratio 

as a function of qh; the dotted line shows the point at which 
amb2 = 1. 

Figure 2. Conformation of a lamella layer assembled on a 
sinusoidal surface at various values of the wavevector q: (a) long- 
wavelength undulations, q < qc; (b) undulations at the special 
wavelength q = qc; (c) undulations at short wavelengths q > qc. 
The polymer contours are shown (note that they leave the lamellar 
surfaces in a normal direction), as is the A-B interface, shown 
as a dotted line. 
e,) we minimize the free energy (38) with respect to a. 

ami,.,(qh) = w/u (44) 
The variations of both amin  and the experimental intensity 
ratio amin' with the dimensionless wavevector qh are shown 
in Figure 1. We now discuss the main features appearing 
on this plot. 

(i) AS qh + 0, amin = 1 - ( ~ h ) ~ / 1 8 .  For large wavelength 
deformations, the upper surface of the lamella follows 
closely the undulations of the lower surface (see Figure 
2a). This remains true provided the wavelength of the 
undulation is smaller than a certain healing length which 
is of the order of the lamellar thickness h. This behavior 
may be compared to the behavior of thin liquid films on 
a rough solid surface as studied in ref 16. The roughness 
of a thin liquid film also follows the roughness of the solid 
surface if the wavelength is larger than a healing length 
that describes the competition between the interfacial 
tension at the surface of the film and the direct long-range 
interactions between solid and liquid. Two differences 
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should be noted however: for a liquid film the ratio of the 
roughnesses a b  has a Lorentzian decay with the wavevec- 
tor; the smoothening of the upper interface is due to surface 
tension as well but the surface tension acta at the upper 
surface of the film and not at the midplane as in the case 
of a copolymer lamella. 

(ii) Contrary to what happens for thin liquid fiis, where 
one finds that the ratio amin  decreases monotonically to 
zero as the wavevector increases, for a single lamella CY- 

vanishes at a finite wavevector qc such that qch = 2.6 (see 
Figure 2b). For q > qc we observe that ami,., becomes 
negative and the upper surface undulates out of phase of 
the lower surface (see Figure 2c). In the limit where qh 
becomes very large, amin = -1 and e, = -el. AS mentioned 
following (43), the interfacial contribution to the free 
energy of the lamella scales more strongly with qh in the 
large q (small wavelength) limit. The surface where the 
interfacial tension acts, i.e., the midplane of the lamella, 
must therefore become flat as qh - a. This requires the 
two surfaces of the lamella to be symmetric with respect 
to the A-B interface; Le., a m i n  = -1. Since the roughness 
ratio amin  is equal to 1 when qh = 0 and to -1 when qh is 
large, there exists a critical value of the wavevector qc at 
which it vanishes. For this precise value of the wavevector, 
the upper surface of the lamella is flat, tu = 0 (see Figure 
2b). 

(iii) For qh > q*h = 8.0 we find amin < -1. When the 
wavevector is large, a m i n  approaches -1 from below; the 
amplitude of the undulation of the upper surface is larger 
than the imposed amplitude of the undulation of the lower 
surface. This quite unexpected result is due to the negative 
sign of the elastic correction to the interfacial energy in 
the lamella free energy (43). However, as discussed in 
section 5, we believe that this is an artifact of the 
Alexander-de Gennes approximation and that a more 
rigorous theory would predict a value of a m i n  that ap- 
proaches -1 from above. 

3. A Lamella Stack at a Rough Surface 
In this section we study the behavior of a lamellar stack 

where the lowest lamellar surface is in contact with a 
sinusoidally rough substrate. We seek to determine both 
the free energy associated with the stack and the pene- 
tration depth 4 of the roughness of the interface between 
lamellae induced by the substrate. It has been shown that 
when two polymer brushes are in contact, the chains of 
the two layers do not significantly interpenetrate." We 
can thus treat the chain conformations in each layer 
independently and consider that for each layer the 
undulation of the upper surface tu is identical to the 
undulation of the lower surface el of the lamella directly 
above. We define the z coordinate of the interface between 
the ith and the (i+l)th lamella layer to be zi. 

z ~ ( x )  ih + t i  COS q X  (45) 
The total free energy of an infinite stack is the sum of the 
free energies of the individual lamellae. Taking as a 
reference state the free energy of flat lamellae, we will 
consider here the reduced free energy 

3stack c3i 
1=1 

(46) 

where 3i is the value of 3 for the ith layer given by eq 38 
where we replace ti by ei-1 and tu by ti. 

It is interesting to notice that in the limit of small 
wavevectors this free energy has the same structure as the 
standard elastic free energy of smectic A liquid crystals. 
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surfaces of the same lamella undulate out of phase; the 
penetration depth increases and diverges when q = q*. 
When q > q* the model predicts that the lamellar phase 
is unstable. This again is related to the negative value of 
the elastic contribution to the free energy in eq 43; we 
believe that this is an artifact of the model. 

It should also be noticed that the experimentally 
observable interfaces are not the surfaces between lamellae 
but the A-B interfaces of the lamellae. According to (28) 
the undulation of the midplanes is 

(53) 

The penetration depth of these undulations is identical 
to that for the penetration of the undulations at the 
lamellar interfaces ( f  = 3/(q2h) in the small-q limit). 

The stack free energy is calculated from eq 46; we find 

(54) 

which has the following asymptotic behavior for qh << 1: 

1 6 = Eocu'- ' ( l  + Ly) 1 - ( 2 cosh 9) 

(u/2)(1+ Ly2) - w; 
1-Ly2 

2 
yBtack = EO 

l o t  , I 

i 

Figure 3. Penetration depth of the roughness induced by the 
surface [ (in units of the lamella thickness h) into an infinite 
lamella stack as a function of the dimensionless wavevector qh. 

If we introduce the continuous variable z (replacing the 
layer index i) and define t(z) as the continuous extension 
of the deformation of the interface between lamellae at a 
height 2, eqs 46 and 41 are equivalent to the following free 
energy density for (qh << 1): 

The compressional modulus of the smectic is B = 3 7 d h  
and the splay constant is K1= k,/h = ymh/3, where k,  is 
the bending modulus of one layer given by (42). The last 
term is a higher order coupling between bending and 
compression. 

The equilibrium deformation of the layers is obtained 
by minimization of the stack free energy with respect to 

as,,,k/ati = 2uEi - w ( € ~ + ~  + C i - ~ )  = o (48) 
The general form of the deformation of the ith lamella is 

€i. 

- .  
C i  = tOaE 

where EO is the imposed roughness of the lowest lamella 
and 

-1 2 
& = E &  [(;) - 11 112 = amin f [ami;2 - 111'2 (49) 

W 

where a m i n  has been defined in eq 44. 
The choice of the sign in (49) is made by imposing that 

the-modulus of CY is smaller than one. The actual value 
of a depends on the wavevector q of the imposed 
undulation. If q < q,, where qc is the wavector defined in 
section 2.4 for which amin = 0, we have 

whereas if qc < q < q*, where q* is the wavevector for 
which a m i n  = -1, we find instead 

G(qh) = + [ - 11 ' I 2  
W 

Finally, for q > q* there does not exist any solution with 
a deformation decaying in amplitude. 

The smectic penetration depth [ is the distance that 
the roughness propagates into the lamella stack. Thus 5 
is given by 

-1 
t=hm 

A plot of the penetration depth as a function of the 
wavevector is given in Figure 3. In the limit of small 
wavevectors (qh << 1) the penetration depth diverges as 
q-2 and we recover the classical result for smectic liquid 
crystals 5 = 3/(q2h). At q = qc the upper surface of the 
first lamella is flat and therefore all the other lamellae are 
flat and f vanishes. As q increases further, the midplane 
of the lamellae becomes flatter and flatter and the two 

The free energy of a single lamella is dominated by the 
bending term proportional to q4; when integrated over a 
penetration depth f - q-2, this gives a total free energy 
proportional to q2. 

4. Effmt of Polymer/Air and Polymer/Surface 
Interactions 

In section 2.4, we have calculated the equilibrium lamella 
thickness, without defining precisely the geometry of the 
system, i.e., whether the polymer assembles to form a single 
lamella next to a surface, in which case h governs the total 
area (at fixed volume V), or the polymer assembles to 
form a lamellar stack, in which case the area of each layer 
is fiied but the total number of layers depends on their 
thickness. However, if one wishes to consider a more 
complex system, e.g., one in which the uppermost lamella 
surface is in contact with air, it is necessary to define the 
geometry of the system. For a thick enough stack, an air 
interface at the top of the stack has no effed; since the 
top layer is flat and has constant area, it merely amounts 
to a (constant) offset to the total free energy. However, 
the stack may be chosenls so as to have sufficiently few 
layers that the upper layer is still rough; Le., the stack 
height H and the penetration depth of the roughening C: 
obey the inequality H S f .  In this case the air interface, 
with an associated surface tension yair, has the effect of 
smoothing out the roughness. For the case of a single 
lamella assembled on an infinite surface, the air interfacial 
tension modifies the equilibrium behavior at zeroth order 
in E J ~  we must replace TAB by TAB + yair. The air 
interfacial tension also contribute to the smoothening of 
the roughness at the upper interface (i.e., it reduces eu). 

Note also that we have neglected any interaction between 
the surface and the polymer making up the lamella. In 
general, another surface tension ysurtace existe at the 
polymer/substrate interface. However, provided that the 
polymer always remains in contact with the surface, this 
has no effect for the case of a lamellar stack (as before it 
amounts to a constant offset to the free energy), and, for 
the case of the single layer, it has a similar effect to an air 
interface in modifying the overall surface tension acting 
on the layer. 
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Figure 4. Variation of the roughness ration a- as a function 
of the dimensionless wavevector qh for various values of the ratio 
y.irIym, shown. 

We now write down a free energy functional governing 
the behavior of small lamellar stacks, when the stack height 
H is less than or of the order of the penetration depth 5. 
In this case we introduce a surface tension yair (in units 
Of kBT) which acts at the upper lamella surface. We expect 
this to damp the fluctuations at the uppermost surface. 
To determine the equilibrium properties of such a stack 
one must minimize the following functional: 

i= l  

where 9 i  is defined in (46). 
While this functional can easily be minimized analyt- 

ically for one layer, as the number of layers is increased 
the algebra quickly becomes very tedious and in practice 
one would resort to numerical methods. We will only 
proceed here to consider a single layer which shares many 
features with the behavior of small lamellar stacks. 

For a single lamella layer we minimize the following 
rescaled free energy functional with respect to variation 
of cu: 

where u and w have been defined in (39) and (40). We 
obtain 

W 

Figure 4 shows a plot of amin  as a function of the 
dimensionless wavevector qh at various values of the ratio 
Y ~ ~ J ~ A B .  When the wavevector is increased, a- decreases 
and vanishes at the critical wavevector qc; it becomes 
negative at higher wavevectors, signifying that the two 
surfaces are undulating out of phase. In the limit of small 
wavevectors, the roughness ratio amin  has the same 
structure as for simple liquid films on rough surfaces, amin 
= 1 - q2X2 with a healing length X = ( r m / y ~ ~ ) ' / ~ h .  In the 
limit of large wavevectors, amin reaches a constant negative 
value, amin  = -l/[l + (yair/y~~)]. In the limit where yair 
vanishes, we recover the result (44) (see, for comparison, 
Figure la). 

5. Discussion 
We have discussed the properties of a diblock copolymer 

film in a lamellar phase on a rough substrate. When the 
film is made of a single lamella, the relevant physical 
property is the roughness ratio amin. (The experimental 
quantity is amin2.) If the wavelength of the roughness is 
smaller than the lamellar thickness, the undulation of the 
upper surface follows the wavelength of the substrate and 
a m b  decreases with the wavevector. One of our main 
results is that the roughness ratio changes sign at the 
critical wavevector qc. If the wavevector of the undulation 
is exactly qc, the upper surface of the lamella is flat and 
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the deformation is completely damped. If the wavelength 
of the undulation is small, amin  is negative and the upper 
surface of the lamella shows an undulation out of phase 
with the imposed undulation on the surface. In the limit 
of infinite wavevectors amin  reaches a negative constant 
value which is equal to -1 in the absence of an interfacial 
tension with air and larger than -1 in the presence of an 
interfacial tension with air which smooth the deformation 
of the upper surface. 

Qualitatively similar results have been obtained for 
stacks of lamellae. At small wavevectors (qh < 1) the 
lamellar phase behaves as a classical smectic liquid crystal 
for which we have calculated the splay constant and the 
compressional modulus. As in usual smectics, the pen- 
etration depth of the undulation diverges when the 
wavevector vanishes as q-2. At the wavevector qc the first 
layer is flat and the deformation does not penetrate into 
the bulk of the lamellar phase; the penetration depth 
vanishes. At  higher wavevectors consecutive layers have 
deformations of opposite signs and the penetration depth 
increases with the wavevector. 

Another important result is that when the wavevector 
is larger than a second critical value q*, the roughness 
ratio is smaller than -1; the undulation is not damped but 
amplified. This suggests that the lamellar phase is 
unstable with respect to undulations with a wavelength 
much smaller than the interlamellar spacing. One of the 
limitations of our work is that we have considered only 
small deformations of the lamellae and that we have 
calculated the free energies only at second order in the 
deformations. This instability of the lamellar phase might 
well be stabilized by higher order terms. 

Another important limitation of our work is that we 
have used the Alexander-de Gennes theory of polymer 
brushes to describe the properties of the lamellae. In this 
model all the end monomers of the chains are located on 
the surfaces of the lamellae. A more refined theory of 
polymer brushes that treats self-consistently the end points 
of the chains has been proposed1° and it has been shown 
that the Alexander-de Gennes theory does not give the 
absolute minimum of the free energy of polymer brushes. 
We now argue that the instability of the lamellar structure 
predicted at large wavevectors could be due to the fact 
that the Alexander-de Gennes picture only gives a local 
minimum of the free energy and is thus an artifact of our 
model. 

The instability of the lamellar phase (values of the 
roughness ratio a m i n  < -1) is due to the negative sign of 
the elastic contribution to the free energy (43). If we look 
more carefully at the various terms in the elastic free energy 
given by eq 23, it can be seen that only one of these terms 
is negative and dominates all the others; this term is given 
by 

It represents the contribution to the elastic energy at order 
(c,,/h)2 from the material near each surface. It is the 
contribution, at this order, from the monomers in the 
%resW minus that from the monomers in the "troughs" 
(at both surfaces). This term therefore depends critically 
on the chain tension E at the lamella surfaces. In the 
Alexander-de Gennes model, the chain tension does not 
vanish at the surface. In the more refined self-consistent 
treatment, the chains have a vanishing tension at their 
end points, which are free. All the monomers in the crests 
or the troughs of the undulations are close to the end points 
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and their tension is certainly very small. It is thus 
reasonable to speculate that the negative term is strongly 
overestimated and that the actual value of the elastic 
energy is positive and remains proportional to qh. With 
this assumption the roughness ratio amin is larger than -1 
and tends to -1 in the limit of infinite wavevector. 
Similarly, the lamellar phase is stable and the penetration 
depth increases with the wavevector and diverges for large 
wavevectors. 

Another implicit approximation of both the Alexander- 
de Gennes model and the self-consistent field theory of 
polymer brushes is the strong tension approximation. 
Although this approximation is valid on average, it is not 
valid locally at the scale of the blobs. We thus do not 
expect the brush theories to give a good description of the 
chain elasticity at large wavevectors (when the wavelength 
is smaller than the blob size). 

Finally, we note that nonlinear effects (such as induced 
harmonics) may be more important in real systems, in 
which the chain ends do not all terminate at the lamellar 
surface. In these systems the amplitude of the out-of- 
phase deformation for q > qc may diminish somewhat with 
increasing N. 

Despite these limitations, we believe that our model 
describes at least qualitatively the behavior of copolymer 
films on rough substrates and that an experimental 
comparison is possible, perhaps using photoetching to 
construct a fairly crude roughened substrate. It also 
provides a framework for the study of dislocations in 
lamellar phases that certainly play a dominant role in the 
rheology of these phases.lg By extending the present work 
to general lamella perturbations (a Fourier sum of q 
modes), it may be possible to calculate approximately the 
energy of an edge dislocations in the lamellar phase.20 
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(64) g ( l ) ( x )  = ? ~ ~ ) 3 ( 1 -  el/E,) cos qx 

Appendix A 

In this appendix we solve the equations giving the chain 
tensions at first order in tu. Using (18) and (191, eq 6 
translates, at first order in cut to (59) below. 

v * p  = 0 (59) 
The condition (10) implies the following relation at first 
order in tu: 

(h/N)(l- tl/eu) cos qx = JohE,“’ dz (60) 

Finally, we use the expansions (15) to write the boundary 
conditions (14) at first order. 

E,“’(x,O) = (tI/cu)(h/N)q sin qx (61a) 

E,“’(x,h) = (h/N)q sin qx (61b) 
Equations 18,19,60, and 61 can be solved by separation 
of variables. The solutions, which can be checked by 
substitution, are found to be 

1 - (tl/e,) cash qh 
cosh qz + (t,/eu) sinh q z ) )  (63) ( sinhqh 

1 - (el/c,) cash qh 
sinh qz + ( sinhqh #“’(x,z) = (h/N) cos qx 

(q/eu) cosh q z )  (65) 

The density of chain ends at each of the upper and lower 
surfaces (denoted uu and 61, respectively) can then be 
calculated from eq 8 

- E ~ / E , )  E ~ / E ,  - cash qh 
sinh oh U;”(X)  = (h/uN)q cos qx( 2(1 sh + 

(66) 

) (67) 
Appendix B 

In this appendix we show that the contribution J’e+2) to 
the elastic free energy exactly vanishes. To ~alculateJ’,&~) 
directly one would have to calculate E,(2) using the second- 
order terms for eqs 6, 10, 12, 13, and 14. Luckily this 
formidable task can be avoided by considering merely the 
second-order terms in the condition (lo), as we now 
demonstrate. 
As was mentioned in the discussion following eq 11, xf,  

the chain’s final x coordinate, and x,(z) ,  the function 
describing the chain’s x coordinates, are not necessarily 
interchangeable with Xi, the chain’s initial x coordinate. 
Since we now wish to consider terms to second order in 
tu, we must consider more carefully the actual chain contour 
x,(z). Note that the resulta we derive here verify, a 
posteriori, the assumptions zu(xf) = Zu(Xi) + O(tu2) and 
E&z) = Ez(xi,z) + O(eu2) made in the discussion following 
eq 11. 

The coordinate x c  of the chain contour at a height z is 
defiied by 

1 - &/tu) cosh qh 
sinh qh 

For our purposes we need to expand xc to first order in E,,. 
Integrating (68) by separation of variables and relabeling 
x = xi, we find 

The variable xt appears in condition (10) only through cos 
qxf. We can use (69) to find cos qxf by expanding around 
x = xi. 

dz’ (70) 
hE*% $9 

EZ(0) 
cos qxf = cos qx - tuq sin q x L  

The variable x,  appears in the functionE,(x,,z) in condition 
(10) and so we need also to consider the expansion of 
E,(z,,z), this time to second order in e,. 

r 

where we have again relabeled x = xi. 
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We now pick out the terms in an expansion of (10) which 
appear at second order in cue Hence, using the results 
(69), (70), and (71) above, (10) leads, with some algebra, 
to the following: 

(72) 

We notice immediately that all the terms on the right- 
hand side of eq 72 can already be calculated directly. It 
only remains to substitute (72) into eq 25, and, with some 
algebra, we find that 
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